We show how the T-duality between D-branes is realized (i) on p-brane solutions (p = 0, . . . . 9) of IIA/IIEl supergravity and (ii) on the D-brane actions (p = 0, . . . . 3) that act as source terms for the p-brane solutions. We point out that the presence of a cosmological constant in the IL4 theory leads, by the requirement of gauge invariance, to a topological mass term for the worldvolume gauge field in the 2-brane case.
Introduction
Recent developments in string theory have shown that p-brane solutions and duality symmetries play an important role in understanding the nonperturbative behaviour of the theory. An important example of a duality symmetry is the T-duality [ 11 which states that a string compactified on a torus with radius R is equivalent to a string compactified on a torus with radius d/R where CY' is the inverse string tension.
It turns out that the p-brane solutions whose charge are carried by a RR (Ramond/Ramond) gauge field of the type II supergravity theories have a natural place within open string theory as D-braues [ 21. The relation is established via the requirement that the endpoints of the open string are constrained to live on the p + l-dimensional worldvolume of the Dirichlet p-brane. Such a (ten-dimensional) open string state is described by Dirichlet boundary conditions for the 9 -p transverse directions and Neumann boundary conditions for the p + 1 worldvolume directions. Since under T-duality Dirichlet and Neumann boundary conditions are interchanged it follows that all Dirichlet p-branes (p = O,..., 9) are T-dual versions of each other. A discussion of how this T-duality between Dbranes arises in string theory can be found in the recent review article [ 31.
Since all D-branes are T-dual to each other it is natural to expect that this T-duality is also realized on the underlying p-brane solutions of the IIA/lIB supergravity theories. Furthermore, the T-duality should also be realized on the Dirichletp-brane actions which act as source terms of the p-brane solutions. It is the purpose of this letter to give the details of this T-duality between Dirichlet p-brane solutions and their source terms and to point out a few subtleties that occur in establishing T-duality.
D-braue solutions
We first consider the T-duality between the Dirichlet p-brane solutions. In [ 41 it was pointed out that the Tduality between the RR p-brane solutions of D = 10 IIA/IIB supergravity, with 0 I p 5 9, is an almost immediate consequence of the T-duality rules of [ 5 J which are a generalization to curved background of 0370-2693/96/$12.00 Copyright 0 1996 Published by Elsevier Science B.V. All rights reserved. PIZ SO370-2693(96)00523-O the type II T-duality rules of [ 6, 7] . The relationship Here g (j) is the IIA (IIB) metric. The coordinate x between the 7-brane and S-brane solutions turns out refers to the direction over which the duality is perto be more subtle and it involves the introduction of formed and the ,U index labels the nine remaining dimodified, so-called massive T-duality rules [ 41.
rections.
We will be concerned with a class of solutions whose metric and dilaton (a) for all values of p (0 < p 5 9) is given by 1 ds2 = H-fd2s,+l + Hid&, ,
where d's,+, is the Minkowski (p + 1 )-metric on the worldvolume and ds2s+, is the Minkowski (9 -p)-metric on the transverse space. The function H only depends on the transverse coordinates and is harmonic with respect to these variables. The dilaton v is equal to the dilaton 4 (9) of IIA (IIB) supergravity depending on whether p is even or odd:
We use here the same notation and conventions as [ 4, 5] . The fact that the RR p-brane solutions for 0 5 p 5 6areoftheform(l) wasshownin [8] .Eachof the above RR p-brane solutions has a nontrivial RR (electric or magnetic) charge carried by one of the RR gauge fields. We will first discuss the duality of the metric and dilaton and after that the behaviour under duality of the corresponding RR gauge fields.
Starting with the 0-brane, or particle solution, one first dualizes over one of the transverse directions, say x1, thereby assuming that the function H of the 0-brane solution is independent of X' and is harmonic over the remaining eight transverse directions x2, . . . , x9. Applying the duality rules (3) with respect to the x1 direction leads to the I-brane solution given in ( 1) . Next, one assumes that the harmonic function corresponding to the 1-brane solution is independent of one of its transverse directions, say x2. Dualizing over x2 then leads to the 2-brane solution. This process is repeated until one reaches the 8-brane solution. At this point the transverse space has become one-dimensional so that the harmonic function H only depends on one variable, say x9. In the last step one assumes that the dependence on x9 disappears so that we end up with a 9-brane solution that is given by flat lo-dimensional Minkowski spacetime. Next, we consider the behaviour of the RR gauge fields under T-duality. The RR gauge fields of the type IL4 theory are given by {A;), Cfiu,,} while those of the type IIB theory are given by { DPuvPfl, B$), !}. Again, the duality rules for a general background are complicated but simplify for the class of solutions we are considering. They are given by:
It is not too difficult to see that the class of metrics and dilatons given in ( 1) are transformed into each other under T-duality. Although the T-duality rules are complicated for general backgrounds they simplify for the class of solutions ( 1) which have a diagonal metric and a vanishing NS/NS 2-form gauge field. The relevant rules of the metric and dilaton are in this case given by '
Here m is the mass parameter of massive IIA supergravity [ 91.
e --2p = e-26 l&xl.
' We only give here the rules that lead from a given IIA solution to a dual IIB solution. The inverse rules can be used to construct a dual IIA solution out of a given IIB solution.
Two remarks are in order. First of all, we have only given the duality rule of DpLYPX. The duality rule for D p,,pr follows from the self-duality condition 
where F(D) = dD is the curvature of D for vanishing NS/NS 2-form gauge fields. From this it follows that we cannot determine the duality rule for Dpvp,, but only of its curvature F(D)P,...Ps. Secondly, the mass parameter in the last rule of (4) will only play a role in establishing the duality between the 7-brane and Sbrane solutions, as has been explained in [4] and will be discussed further below.
Using the duality rules (4) for the RR gauge fields, it is straightforward to get the expressions of the RR gauge fields (or curvatures) of all p-brane solutions, starting from the particle solution. We find the following expressions:
Here the 0,1,2,... indices refer to the (p + l)-dimensional worldvolume directions and i denotes the (9 -p) transverse directions. Furthermore, F(D) = dD G = dC, 1_1c2) = dZ?c2) and F(l) = 2dA(') are the expiessions for the curvatures in the absence of the NS/NS 2-form gauge field.
We should point out a few subtleties in obtaining the expressions (6). Starting from the particle, a straightforward application of the duality rules (4) leads one to the 3-brane. Note that all p-brane solutions with 0 5 p _< 2 are electrically charged. In going from the 2-brane to the 3-brane we dualize over the x3 direction and apply the first rule of (4) to obtain the expression for 0012s. The expression for F(D)ijkl, is obtained by using the selfduality relation (5). Note that the 3-brane solution is dyonic: it carries both electric and magnetic charge. Next, in going from the 3-brane to the 4-brane solution we cannot apply the first rule of (4) the reason being that the duality is now performed over x4. Instead, we first write cijk = 8/3Dijk4 and take the curl with respect to x1 which gives Gijkl = 10/3F( D)ijkl4. We next substitute for F(D)ijkl4 the expression corresponding to the 3-brane solution. We thus obtain the expression for Gijkl given in (6). Note that this 4-brane is magnetically charged. The expressions for the magnetically charged 5-brane and 6-brane solutions are obtained by taking curls of the duality relations (4). The same applies to the transition from the 6-brane to 7-brane solution where we dualize over the x7 direction, but note that by taking the curl of C the m-dependent term in the duality rule drops out since we take the derivative with respect to xi (i = 8,9) of the equation ! = Ai') + mx7. Having arrived at the 7-brane one cannot repeat the process again. The reason for this is that the independence of the harmonic function of the 7-brane solution of one of the two transverse directions, say x8, does plot imply that the RR scalar 1 is independent of x8. In fact, in this case the expression for .! is given by [ 41
where x9 refers to the second transverse direction. To go to the 8-brane we now perform duality over the x8 direction and use the fact that in the massive T-duality rules given in (4) the RR scalar .! is allowed to depend linearly on the duality direction x8. This leads to the 8-brane solution of [ lo] . Finally, in the last step, we obtain lo-dimensional Minkowski spacetime as the 9-brane solution.
D-brane actions
Having established the T-duality between the Dirichlet p-brane solutions of IIA/IIB supergravity, we next turn our attention to the corresponding D-brane actions. Since the D-brane actions should provide for the source terms of the Dirichlet p-brane solutions we must be able to establish a duality between the D-brane actions as well.
In the recent literature [ 1 l-151 the structure of the (bosonic part of the) D-brane actions for 0 5 p < 3 has been established. It turns out that the coupling to the NS/NS background fields (i.e. the metric, dilaton and 2-form gauge field) is described by a kinetic term of the Born-Infeld (BI) type [ 16,171. The action contains besides the usual embedding coordinates Xp, an additional worldvolume gauge field K (i = 1 , . . . . p + 1). For p = 1 and flat background, such an action was proposed some time ago in an attempt to give a spacetime scale-invariant formulation of the superstring [ 181. In such a formulation the (dimensionful) string coupling constant arises as an integration constant in solving the equation of motion of the worldvolume gauge field. The D-brane actions contain also a Wess-Zumino (WZ) term that describes the coupling of the D-brane to the RR gauge fields as well as further couplings to the NS/NS 2-form gauge field.
We will show that the structure of both the BI kinetic term and the WZ term is determined by: ( 1) gauge invariance ' and (2) T-duality. In fact, as we will see below, these requirements lead to extra terms in the type IIA D-brane action in case the IIA supergravity background contains a nonvanishing target space cosmological constant.
Since gauge symmetries play an important role in the present discussion, we first summarize the transformation rules of the different RR gauge fields and of the worldvolume gauge field. The (target space) transformations of the IIA gauge fields are given by
while those of the IIB gauge fields have the form ,j@') = dz'"' ) i=1,2, SD = dp _ 2&(')@2) + ;dX(2)@1) 4
The (target space) transformation of the worldvolume gauge field is given by
where the first rule is an abbreviation for SK = 1/2diX~7$).
As mentioned above, the D-brane action consists of two terms, a kinetic and a WZ term: where gij is the embedding metric:
and where CT for p even/odd is defined in Eqs. (2). The (gauge-invariant) curvature F of the worldvolume gauge field is given by
where the first line is short-hand for Fij = aiI$ -ajQdiX'+X'B$. The explicit dilaton coupling in front of the kinetic term (12) corresponds to the fact that the mass per unit p-volume of the D -brane scales as [I91 (15) where g N ea is the string coupling constant.
Before giving the WZ terms we first discuss the Tduality of the kinetic terms. We first show, as an example, how the duality works between the 0-brane and 1-brane action and next prove the duality for general p 3 . The kinetic terms are, respectively, given by 4 : (16) (17) where the embedding metric gi,i is defined by the second equation of ( 13).
We first consider the reduction of the 0-brane action to nine dimensions. Like in the previous section, we 3 For Rat backgrounds, the T-duality between the kinetic terms has been considered in [20] . We thank f? Townsend for bringing this reference to our attention. For curved backgrounds the discussion below overlaps with the one given in [ 221, see Note Added.
4 Since we will show the duality by reduction to nine dimensions, it is necessary at this stage to distinguish between nine-and tendimensional objects. In the discussion below we will indicate the ten-dimensional indices with a hat.
dualize over the xi -direction. Since, from the 0-brane point of view, this is a so-called direct dimensional reduction, we obtain after reduction a 0-brane action in nine dimensions where the xi coordinate has become an extra worldline scalar S, i.e. 5 xi =s.
Using the reduction formulae given in [4,5] the kinetic term for the nine-dimensional 0-brane action, coupled to the background fields of D = 9 supergravity {g,,,C,,,,B~,,A~,B,,~,k,e} (i = 1,216, is given by
We next consider the reduction to nine dimensions of the 1-brane action. Again we reduce over the idirection but in this case we call the corresponding embedding coordinate of the 1-brane Yi to distinguish it from the 0-brane coordinate Xi used above. Since in this case we are performing a double dimensional reduction we set
where o-is the spacelike direction of the 1-brane worldvolume. It turns out that, in order to obtain the same nine-dimensional 0-brane action ( 19) we must compactify the worldvolume gauge field as follows:
5 This is similar to the reduction of the eleven-dimensional membrane to ten dimensions [ 111. A difference is that in the reduction of the eleven-dimensional membrane the extra scalar becomes, after duahzation on the 3-dimensional worldvolume, a worldvolume gauge field. In the particle case the scalar remains a scalar. The role of this extra scalar in nine dimensions is however similar to the role of the worldvolume vector in ten dimensions. In the same way as the worldvolume vector is used to give a scale-invariant description of the string where the string tension arises as an integration constant, the extra scalar in nine dimensions can be used to give a scale-invariant formulation of the massive particle where the mass arises as an integration constant. The massive particle in nine dimensions can then be interpreted as a massless particle in ten dimensions. For more details, see [ 181. 6 The D = 9 NS/NS fields are g, B(l), Ac2), B, I$ and k.
The time component of V drops out of the action after double dimensional reduction.
To work out the dimensional reduction of the lbrane action it is useful to first use the fact that for a 2 x 2 matrix we have the identity: det (gij + Fij) = det gij -det .Fi.j .
We thus obtain that CzJ reduces to the following expression after dimensional reduction:
All B-terms in the determinant cancel. Using the fact that
it is then easy to show that indeed the 1-brane action reduces to the same nine-dimensional 0-brane action ( 19), thereby establishing the T-duality between the 0-brane and 1-brane action.
It is interesting to see that in order to establish Tduality the worldvolume gauge field component i& of the I-brane gets identified with the 0-brane embedding coordinate X'^ leading to the T-duality relation xi = PF.
Another noteworthy feature is that the T-duality only works in the presence of the dilaton coupling ePu in front of the kinetic term. Thus, T-duality requires that the mass per unit p volume of the D-brane is proportional to the inverse string coupling constant. Let us now prove T-duality between the kinetic terms for general p. We first consider p even, so that we establish the duality between a IIA p-brane and a IIB (p + 1) -brane. We establish duality by reducing both kinetic terms to d = 9, by direct and double dimensional reduction respectively, and by then showing that the resulting kinetic terms are equal.
As for the 0-brane, the transverse coordinate X(P?') of the IIA p-brane becomes a worldvolume scalar:
X(P?') = S, while the worldvolume vector reduces as G = x. The kinetic term for the p-brane is then determined by the following (p + 1) x (p + 1) -matrix (i,j = O,l,. . . , p) in nine dimensions:
with g$ = Gij -k* (A!*' + Si) (AS*) + Sj) ,
where we have used the notation:
For the IIB (p + 1) -brane we perform a double dimensional reduction. One of the worldvolume scalars is identified with a spacelike worldvolume coordinate: X(J'$') = p, while the (p + 1 )-component of V becomes a worldvolume scalar: pa+1 = S, q = K. The IIB p + I-brane then gives in nine dimensions the following (32) lead to the following form of A and B:
Hij s Gij + F(V),
The determinant of !3 can now be easily obtained. We rewrite and show by induction that detB = -k-*(1 -k2Uk+H~1Ulp) detH.
The matrix A we rewrite as
The second factor in (36) has p eigenvalues equal to one (for the p vectors orthogonal to U+) , and one eigenvalue equal to 1 -k2HG11JlvUk+, for the eigenvector Hi?' U,: . The calculation of the IIA,B determinants assumes that the inverse of H exists, and that Hz;' UjT is not orthogonal to UT. This is clearly correct for generic field configurations. The calculation of the determinants establishes the equality dett3 = -k-*detA.
The factor km2 is cancelled by the dilaton prefactor in the D-brane action. So indeed we obtain by reduction to d = 9 the same kinetic terms from the IIA p-brane and the IIB (p + 1)-brane. In case p is odd, the roles of the IIA and IIB fields are interchanged. The same argument as above, with the interchange of the d = 9 fields A(*) tt B and k +-+ k-' leads to the proof of duality for p odd.
Having established the duality for the kinetic terms, we now turn our attention to the Wess-Zumino terms. These terms have been studied in [ 1 l-l 51. Most of the contributions to the Wess-Zumino term are fixed by the gauge symmetries given in (8)) (9) and ( 10). We obtain the following result for 0 I p 5 3 (omitting hats and using form notation) :
Note that since the target spacetime gauge transformations contain m-dependent terms, gauge invariance requires, for even p = 0,2, the presence of m-dependent terms in the Wess-Zumino term. For p = 0 the equation of motion of the worldline gauge field V, (which is absent in the p = 0 kinetic term) leads to m = 0. Finally, we note that the 3-brane action contains an explicit 8(1)8(2) term which arises as a higher order term in string theory (see footnote 10 of [ 141).
We have explicitly verified that the above WZ terms are not only gauge-invariant but also T-dual to each other. The requirement of duality fixes the coefficients of the U=(P+1)/2 terms in the 1-brane and 3-brane action which are gauge-invariant by themselves. As an illustration we show how the duality between the p = 0 and p = 1 WZ terms is established. Introducing the hat notation and taking x&s, fi=v,,
Similarly, taking Y&7, +s, fi=v,.
the p = 1 WZ term first reduces to 7
After partial differentiation the p-dependent terms cancel and one is left with the same expression (40). This establishes the T-duality. The cancellation of the a-dependent terms is related to the fact that we are performing a Scherk-Schwarz dimensional reduction [ 211 that makes use of a global U( 1) subgroup of SL( 2, R) rrn, as is explained in [ 41. Note that the duality establishes a relation between the gauge-invariant !F term in the p = 1 WZ term with the mV, topological term in the p = 0 WZ term whose coefficient is determined by gauge invariance. It is in this way that we have used T-duality to determine the coefficients of the gauge-invariant JJ.P terms in the p = 1 and p = 3 WZ terms.
7 At first sight the term &Vi might seem odd since V, is independent of (T and hence this term would seem to vanish. However, our rule of dimensional reduction is that one should first, by partial differentiation, eliminate the r-dependence from the action. This same ambiguity arises in the dimensional reduction of IIB supergravity discussed in [ 41.
Finally, we note that the same p = 1 WZ term also plays a role in establishing a duality between the p = 1 and p = 2 WZ terms. However, in this case one should reduce the p = 1 WZ term via a direct as opposed to a double dimensional reduction. Assuming that we reduce over the %direction, the p = 1 WZ term is reduced according to
On the other hand, the p = 2 WZ term is reduced by double dimensional reduction as follows:
where p is a spacelike direction on the p = 2 worldvolume. The same identifications were used in establishing the duality between the kinetic terms.
Comments
In this letter we have shown how T-duality is realized on (i) the Dirichlet p-brane solutions of IIA/IIB supergravity for 0 5 p I 9, (ii) the kinetic terms of the D-brane actions for 0 < p I 9 and (iii) the WZ terms of the D-brane actions for 0 5 p 5 3. To establish T-duality between the WZ terms for 3 5 p 5 9 we first need to know their form. Note that for these cases there is no leading order RR gauge field in the formulation of IIA/IIB supergravity we are using here that naturally couples to the D-brane. Such higherorder RR gauge fields can be obtained from the existing ones by dualization but sofar this seems to lead to rather complicated expressions.
We find that the p = 0,2 WZ terms contain mdependent topological terms for the worldvolume gauge field. For p = 0 field equation the worldgauge field to m 0. Note only for = 0 0-branes can interpreted as states of = 11 [ Concerning the p = 2 WZ term we note that only for m = 0 the 2-brane action can be obtained by direct dimensional reduction of the eleven-dimensional supermembrane [ 111. This 1 l-dimensional interpretation is not possible for m # 0 since in that case the worldvolume gauge field V cannot be dualized into a scalar due to the topological mass term. This is related to the fact that massive IIA supergravity has no eleven-dimensional 121 interpretation, at least not that we know of.
[31 Finally, our hope is that the results of the present work will be useful to establish a kappa-symmetric extension of the bosonic D-brane actions. Such a kappasymmetric extension has been constructed for the Obrane and for the 2-brane with m = 0 [ Ill. The Tduality relations given here should be helpful in constructing kappa-symmetric extensions of the other Dbrane actions. A particularly interesting case is the 9-brane action which in the "physical gauge" becomes equal to a supersymmetric BI action. We hope to report on progress in this direction in a future publication. 
